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LINKING, LEGENDRIAN LINKING AND CAUSALITY
JOSE´ NATA´RIO AND PAUL TOD
Abstract. The set N of all null geodesics of a globally hyperbolic (d + 1)-
dimensional spacetime (M,g) is naturally a smooth (2d− 1)-dimensional con-
tact manifold. The sky of an event x ∈M is the subset
X = {γ ∈ N : x ∈ γ} ⊂ N
and is an embedded Legendrian submanifold of N diffeomorphic to Sd−1. It
was conjectured by Low that for d = 2 events x, y ∈M are causally related iff
X, Y ⊂ N are linked (in an appropriate sense). We use the contact structure
and knot polynomial calculations to prove this conjecture in certain particular
cases, and suggest that for d = 3 smooth linking should be replaced with
Legendrian linking.
1. Introduction
The setN of all null geodesics of a given spacetime (M, g) plays an important role
in twistor theory (see [PR86]). If (M, g) is a globally hyperbolic (d+1)-dimensional
spacetime then N is naturally a smooth (2d−1)-dimensional contact manifold. The
sky of an event x ∈M is the subset
X = {γ ∈ N : x ∈ γ} ⊂ N
and is an embedded Legendrian submanifold of N diffeomorphic to Sd−1.
It is natural to ask how the geometry of events in M is related to the geometry
of the corresponding skies in N . In particular, it was conjectured by Low (see
[Low88]) that for d = 2 events x, y ∈ M are causally related iff X,Y ⊂ N are
linked (in an appropriate sense). We will use the contact structure of N and knot
polynomial calculations to prove this conjecture in certain particular cases. We will
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also address the d = 3 case, where we conjecture that smooth linking should be
replaced with Legendrian linking.
This paper is organized as follows. In section 2 we describe the differential and
contact structures of the manifold of light rays N of a general globally hyperbolic
(d + 1)-dimensional spacetime (M, g). It turns out that if Σ ⊂ M is any Cauchy
surface endowed with the Riemannian metric induced by g, N can be naturally
identified with the cotangent sphere bundle TS∗Σ; the contact structure is then
seen to be the one arising from the natural symplectic structure of T ∗Σ. The
sky X ⊂ N of a spacetime point x ∈ M is defined and shown to be a Legendrian
submanifold of N . It is seen that a skyX ∈ N can be obtained from its (cooriented)
wavefront pi(X) ⊂ Σ, where pi : TS∗Σ → Σ is the natural projection. The section
ends with a review of the notions of linking and Legendrian linking.
In section 3 we turn to the d = 2 case. We show how to compute the linking
number of two skies from the corresponding wavefronts and analyze a few sim-
ple examples in order to motivate Low’s conjecture, which we then state. Much
of the material in the first two sections was first discussed by Low (see [Low88],
[Low89] [Low90a], [Low90b], [Low94], [Low98]), and can be found in greater detail
in [Nat00].
In section 4 we use the fact that skies X ⊂ N are Legendrian submanifolds
to determine the possible configurations of wavefronts pi(X) ⊂ Σ. This provides
a heuristic explanation of why Low’s conjecture should be true, which we make
rigorous in section 5 for a large class of examples by computing certain coefficients
of their Kauffman polynomials.
Finally we consider the d = 3 case in section 6. We give an example of skies
of causally related points which are unlinked, and conjecture that smooth linking
should be replaced with Legendrian linking in the correct version of Low’s conjecture
for this dimension.
2. The manifold of light rays
Let (M, g) be a (d + 1)-dimensional globally hyperbolic spacetime with a fixed
time orientation, and consider the set N of all its null geodesics (we define a null
vector to be a nonzero vector v such that g(v, v) = 0, and hence the constant
geodesic is not a null geodesic). If Σ ⊂ M is a Cauchy surface, then every null
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geodesic intersects Σ exactly once. On the other hand, at any event x ∈ Σ two
future-pointing null vectors are initial conditions for the same null geodesic iff
they are linearly dependent, or, equivalently, iff their orthogonal projections on
TxΣ are linearly dependent and point in the same direction. Consequently, N
can be identified with the tangent sphere bundle TSΣ (recall that Σ endowed
with the metric induced by g is a Riemannian manifold of dimension d). We use
this fact to define a differentiable structure on N , and notice that, due to smooth
dependence of the solutions of the geodesic equation on its initial data, this structure
is independent of the choice of Cauchy surface. Thus the set of all null geodesics of
a globally hyperbolic (d + 1)-dimensional spacetime is a differentiable manifold of
dimension d+ (d− 1) = 2d− 1, which we call its manifold of light rays.
It is possible to show that N has a natural contact structure. In order to do so,
we introduce the so-called manifold of scaled light rays N˜ . This manifold is defined
analogously to the manifold of light rays, except that we distinguish between null
geodesics with different affine parameterizations; more precisely, if γ1, γ2 : R →
M are two affinely parametrized null geodesics such that d
ds1
γ1,
d
ds2
γ2 are future
pointing, we take γ1 = γ2 iff γ1(R) = γ2(R) and
d
ds1
(
γ−12 ◦ γ1
)
= 1. Therefore
N˜ can be identified with the tangent bundle to a Cauchy surface minus the zero
section. In particular, dim N˜ = 2d. A smooth path in N˜ can always be represented
by a smooth function γ : R2 → M such that γ(s, α) is, for each value of α, an
affinely parametrized null geodesic. If we define the vector fields 1
pa = γ∗
∂
∂s
Xa = γ∗
∂
∂α
and the operator
D = pa∇a
1We shall use the notation conventions of [PR86], where latin indices represent abstract indices.
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it is a simple matter to obtain the identities
Dpa = 0 (geodesic equation);[
∂
∂s
,
∂
∂α
]
= 0⇒ DXa = Xb∇bp
a;
Xb∇b (pap
a) = 0⇒ paX
b∇bp
a = 0⇒ paDX
a = 0;
D2Xa = R abcd p
bXcpd (i.e., Xa is a Jacobi field),
where R abcd is the Riemann tensor. Thus γ(s, α) yields a Jacobi field along the
geodesic γ = γ(·, 0) satisfying paDX
a = 0. Such fields form a vector space Jγ of
dimension 2(d+1)−1 = 2d+1; thus the natural linear surjective map Π : Jγ → TγN˜
has kernel of dimension 1, which is easily seen to be the set Iγ of vector fields of
the form Xa = kpa for k ∈ R (as these correspond to going to the same affinely
parametrized geodesics). In other words,
TγN˜ =
Jγ
Iγ
.
If Xa, Y b ∈ Jγ , then
D(paX
a) = paDX
a = 0
and
D(YaDX
a −XaDY
a) = YaR
a
bcd p
bXcpd −XaR
a
bcd p
bY cpd = 0.
(the last equality, known as Lagrange’s identity, following from the symmetries of
the Riemann tensor). Thus we can use the above expressions to define a 1-covector
Θ and a 2-covector Ω on Jγ . If X
a ∈ Iγ , then X
a = kpa and
paX
a = kpap
a = 0
and
YaDX
a −XaDYa = kYaDp
a − kpaDY
a = 0.
Consequently there exist a 1-covector θ˜ and a 2-covector ω˜ on TγN˜ such that Θ =
Π∗θ˜, Ω = Π∗ω˜. Using local coordinates, it is not hard to show that θ˜ = i∗θ, ω˜ = i∗ω,
where i : TΣ→ T ∗Σ is minus the natural map determined by the Riemannian met-
ric h induced on Σ by the spacetime metric g, and θ, ω are the canonical symplectic
forms on T ∗Σ (the minus sign arises from our spacetime signature convention,
which is (+,−,−,−)). In other words, the manifold of scaled light rays is natu-
rally a symplectic manifold; the symplectic structure is just the natural symplectic
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structure of T ∗Σ, provided that we identify N˜ ≃ TΣ\ 0Σ with T ∗Σ\ 0∗Σ using the
map i (0Σ and 0∗Σ being the zero sections of TΣ and T ∗Σ). Notice that although
we are giving the symplectic forms in terms of a particular Cauchy surface Σ, the
symplectic structure of N˜ is (by construction) clearly independent of the choice of
Σ.
To obtain the manifold of light rays N from the manifold of scaled light rays
N˜ we have to identify geodesics which differ by an affine reparameterization. This
corresponds to quotienting N˜ ≃ TΣ \ 0Σ ≃ T ∗Σ \ 0∗Σ by the natural action of R+
along the fibers. Hence N has a natural contact structure; we can think of N as the
cotangent sphere bundle T ∗SΣ ⊂ T ∗Σ \ 0∗Σ (taken with respect to an arbitrary
Riemannian metric on Σ, for instance h), in which case a contact 1-form is simply
the restriction of θ to N (see [Arn97]).
The sky of an event x ∈M is the subset
X = {γ ∈ N : x ∈ γ} ⊂ N.
If x ∈ Σ then X is a fiber of the cotangent sphere bundle T ∗SΣ, and therefore is
an embedded submanifold of N diffeomorphic to Sd−1. Since we are free to regard
N as a fiber bundle over any Cauchy surface, and every event in M belongs to
some Cauchy surface, we see that any sky is an embedded Sd−1.
Furthermore, since the contact form θ vanishes on the fibers T ∗SΣ, we see that
the sky of any point is a Legendrian submanifold of N (i.e., a maximal dimension
submanifold of N where the contact form vanishes). Notice that in particular this
means that the null cone of any event x ∈ M is orthogonal to the tangent vectors
of the generating null geodesics (i.e., the null cone is a null hypersurface).
The wavefront generated by the event x ∈ M at Σ is simply the intersection
of its null cone with Σ (or, equivalently, pi(X), where pi : N → Σ is the nat-
ural projection). Given a wavefront, there exist at each point of the wavefront
two future-pointing null directions orthogonal to the wavefront, whose orthogonal
projections on TΣ are negative multiples of each other. Thus we can reconstruct
X from the wavefront pi(X) provided that we are given the coorientation of the
wavefront, i.e., a choice between the two possible null directions at each point.
This extra bit of information can be given, for instance, as a unit normal vector
field n on pi(X) (with respect to the Riemannian metric h, say). Notice that n
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is necessarily continuous, and hence it suffices to indicate it at any single point of
pi(X).
Let us now assume thatM is orientable. Then by choosing a global time function
t : M → R and using the globally defined nonvanishing future-pointing timelike
vector field ∇at we can orient all Cauchy surfaces {t = constant}; hence we can
define an orientation on each sky by orienting tangent spheres on each Cauchy
surface (it is easy to check that this orientation does not depend on the choice of
global time function).
If x, y ∈M are not in the same null geodesic then X ⊔ Y is a smooth link, i.e., a
disjoint union of embedded Sd−1s in a smooth manifold of dimension 2d−1. Recall
that a smooth one-parameter family of diffeomorphisms Φt : [0, 1]×N → N is said
to be a smooth (ambient) isotopy if Φ0 is the identity map. Two links X0 ⊔ Y0 and
X1⊔Y1 are said to be equivalent if there exists a smooth isotopy Φt : [0, 1]×N → N
such that Φ1(X0) = X1 and Φ1(Y0) = Y1. It can be shown that two linksX0⊔Y0 and
X1⊔Y1 are equivalent iff there exists a smooth motion carrying one into the other,
i.e., iff there exist smooth one-parameter families of embeddings ft : S
d−1 → N
and gt : S
d−1 → N such that f0(S
d−1) = X0, g0(S
d−1) = Y0, f1(S
d−1) = X1,
g1(S
d−1) = Y1 and ft(S
d−1) ∩ gt(S
d−1) = ∅ for all t ∈ [0, 1].
If (x0, y0) and (x1, y1) are two pairs of non-causally related events, one can
easily construct smooth curves α, β : [0, 1] → M such that α(0) = x0, β(0) = y0,
α(1) = x1, β(1) = y1 and α(t), β(t) are not in the same null geodesic for all t ∈ [0, 1].
This induces a smooth motion ofX0⊔Y0 intoX1⊔Y1, which are therefore equivalent.
We conclude that the link formed by the skies of any two non-causally related events
belong to the same equivalence class, which we define as the unlink in N (notice
that although there exists a natural choice for the unlink in R2d−1 or S2d−1, this
is not the case in general for an arbitrary smooth (2d− 1)-dimensional manifold).
X,Y ⊂ N are said to be linked if the equivalence class of X ⊔ Y is not the unlink.
A Legendrian link is a smooth link X ⊔ Y such that X,Y ⊂ N are Legendrian.
Recall that a diffeomorphism Φ : N → N is said to be a contactomorphism if it pre-
serves the contact structure, i.e., if Φ∗ ker θ = ker θ. In particular, a contactomor-
phism maps Legendrian submanifolds to Legendrian submanifolds. A Legendrian
isotopy is a smooth isotopy in which each diffeomorphism is a contactomorphism.
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A Legendrian embedding f : Sd−1 → N is a smooth embedding whose image is
Legendrian. All that was said above about smooth links remains true if we replace
“smooth” with “Legendrian”. Thus if x, y ∈ M are not in the same null geodesic
then X ⊔ Y is a Legendrian link, and if (x0, y0) and (x1, y1) are two pairs of non-
causally related events, then X0 ⊔ Y0 and X1 ⊔ Y1 are Legendrian equivalent (and
we define the corresponding equivalence class as the Legendrian unlink).
Notice that if X0 ⊔ Y0 and X1 ⊔ Y1 are Legendrian equivalent, they must be
(smooth) equivalent, but the reverse is not true in general. We shall present an
example of this later on.
3. Low’s conjecture
Let us consider now the case where d = 2 and Σ is diffeomorphic to a (connected,
open) subset of R2. In this case, N is diffeomorphic to a subset of the tangent sphere
bundle of R2, which in turn is diffeomorphic to the interior of a solid torus in R3.
It will prove useful to fix a particular embedding σ : TSR2 → R3 (which we shall
call the standard embedding). Thus, if (r, θ) are the usual polar coordinates in R2,
and ϕ is the coordinate in the fibers of TSR2 corresponding to the angle with the
positive x1-direction, we define
σ(r, θ, φ) = ((2 + tanh r cos θ) cosϕ, (2 + tanh r cos θ) sinϕ, tanh r sin θ)
This particular embedding has the advantage of carrying the unlink in N (as
defined above) to the unlink in R3. Notice that the skies of events on Σ are mapped
to circles of constant (r, θ), which for convenience we call meridians. From now on
we shall identify N with σ (N). Clearly a smooth motion of a smooth link in
N yields a smooth motion of this link in R3, and consequently if two links are
equivalent in N they must be equivalent in R3.
Recall that in R3 there is a well-known link invariant, namely the linking number.
Given a link X ⊔ Y , this is simply the integer given by the Gauss integral,
link(X,Y ) =
1
4pi
∮
X
∮
Y
(r− s) · (dr× ds)
‖r− s‖3
(where r, s : S1 → R3 are embeddings for X,Y ), or, equivalently, the integer such
that [X ] is link(X,Y ) times an appropriate generator of H1(R
3 \ Y ), depending
on the orientation of Y (see [Rol90]). In particular if X ⊔ Y is the unlink then
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link(X,Y ) = 0. Notice also that, as is easily seen from the Gauss integral formula,
link(X,Y ) = link(Y,X).
As was noted by Low ([Low88]), link(X,Y ) is simply the winding number of
the wavefront generated by x at a Cauchy surface through y around y. Indeed, let
x, y ∈ M be two events not in the same null geodesic. Recall that we can always
assume that y ∈ Σ, i.e., that Y is a meridian. In general, however, x 6∈ Σ. We can
think of the natural projection pi : N → Σ as quotienting N by its meridians, and
consequently identify Σ with the quotient space. Thus any smooth surface on N
intersecting each meridian exactly once can be identified with Σ. In this manner
we can think of y and pi(X) as a point and an oriented curve on Σ ⊂ N (since X
is an oriented curve, pi(X) can be given the induced orientation).
One can always choose Σ ⊂ N such that Σ ∩ X is finite. It is then possible
to construct an isotopy of N deforming X into a curve which approaches (with
any required accuracy) the wavefront pi(X) plus a finite number of meridians, one
hanging from each intersection of X and Σ. Indeed, if ϕ is the angular coordinate
along the meridians such that Σ = {ϕ = 0}, one has but to consider isotopies of
the form ϕ 7→ ϕ+ δ(t, ϕ), where δ : [0, 1]× [0, 2pi]→ [0, 2pi] is a nonnegative smooth
function vanishing for t = 0 and ϕ = 0, 2pi and approaching 2pi − ϕ from below
as t → 1. Since the linking number of any two disjoint meridians is zero, we see
that link(X,Y ) = wind(pi(X), y), where wind(pi(X), y) is the winding number of
the curve pi(X) ⊂ Σ around the point y ∈ Σ (recall that Σ is diffeomorphic to a
subset of R2).
(This result plus the fact that link(X,Y ) = link(Y,X) allows us to make the fol-
lowing nontrivial observation: if x, y are not in the same null geodesic and Σx,Σy
are arbitrary Cauchy surfaces through x, y then the winding number of the wave-
front generated by x at Σy around y is equal to the winding number of the wavefront
generated by y at Σx around x).
As an example, consider Minkowski’s (2 + 1)-dimensional spacetime, i.e., R3
endowed with the line element ds2 = dt2−
(
dx1
)2
−
(
dx2
)2
, and take hypersurfaces
of constant t as Cauchy surfaces. Then all wavefronts are circles, and all linking
numbers are therefore either zero or one. Since an event on the Cauchy surface
is causally related to the event generating the wavefront iff it is either inside the
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wavefront (in which case the winding number is 1) or on it, we see that two events
in Minkowski (2+1)-dimensional spacetime are causally related iff their skies either
intersect or are linked with linking number 1.
Another example is provided by Schwarzschild’s (2+1)-dimensional static space-
time, i.e., the region of R3 given in cylindrical coordinates (t, r, ϕ) by r > 1 endowed
with the line element ds2 =
(
1− 1
r
)
dt2 −
(
1− 1
r
)−1
dr2 − r2dϕ2 (we’ve taken the
Schwarzschild radius as our length unit). If we again take hypersurfaces of con-
stant t as Cauchy surfaces, it is possible to show that the wavefronts are as shown
in figure 1, wrapping around the event horizon any number of times. It is then
easily seen that all winding numbers are either zero or positive, and that an event
in the Cauchy surface not on the wavefront is causally related to the event gener-
ating the wavefront iff the winding number is positive. Consequently, two events
in Schwarzschild (2 + 1)-dimensional static spacetime are causally related iff their
skies either intersect or are linked with positive linking number (but links do occur
with any positive linking number).
It is not true in general that all links formed by the skies of causally related
events have nonvanishing linking number. A simple counter-example is provided
by R3 endowed with the line element ds2 = dt2 − Ω2
(
x1, x2
) ((
dx1
)2
+
(
dx2
)2)
,
where Ω : R2 → [1,+∞) is an appropriate smooth function (equal to 1 except on
the circles
(
x1
)2
+
(
x2
)2
< 1 or
(
x1 + 4
)2
+
(
x2
)2
< 1, where it increases radially
towards the center). The wavefront of the event (0, 4, 0) on the Cauchy surface
t = 10 is as depicted in figure 1, each pair of cusps corresponding to scattering by
one of the circles where the metric is not flat. The appearance of the second pair
of cusps allows the existence of events y that, although clearly causally related to
x, are such that the winding number of pi(X) around y is zero, and consequently
link(X,Y ) = 0. However X ⊔ Y is not the unlink. To see that, we notice that the
Riemannian metric induced on Σ is conformally related to the Euclidean metric,
and that we can therefore use the usual angle with the x-axis as a coordinate on
TSΣ. To decide on the value of this coordinate along the wavefront, we recall that
the tangent vector t˙ ∂
∂t
+x˙1 ∂
∂x1
+x˙2 ∂
∂x2
to any null geodesic is orthogonal to the light
cone of x. Consequently, the element of TSΣ corresponding to the null geodesic
is the normal vector (on Σ) to the wavefront, oriented so that it points outwards
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when the wavefront is in the boundary of the causal future. Using these rules one
constructs the link shown in figure 1, which is the so-called Whitehead link (and
famously not the unlink).
      Schwarzschild                   Counter−example                   Whitehead link
event horizon                  scattering circles
Figure 1. Examples of wavefronts and an associated link.
The above examples have led Low to formulate the following
Conjecture 3.1. Let (M, g) be an orientable time oriented globally hyperbolic (2+
1)-dimensional spacetime with a Cauchy surface Σ ⊂ M diffeomorphic to a subset
of R2; then x, y ∈M are causally related iff X,Y ⊂ N either intersect or are linked.
Some partial results have been achieved (see [Low88], [Nat00], [Nat02]), but the
general case of this conjecture remains unproven.
4. Skies in (2+1)-dimensional spacetimes
As we saw in section 2, giving a sky X ⊂ N is equivalent to giving its coori-
ented wavefront pi(X) ⊂ Σ. A natural question to ask is therefore what kinds of
wavefronts can arise from projecting skies. More precisely, we make the following
Definition 4.1. A curve Φ ⊂ R2 is said to be a sky if there exists an orientable
time oriented globally hyperbolic (2+1)-dimensional spacetime (M, g) with Cauchy
surface Σ ⊂M diffeomorphic to a connected open subset U ⊂ R2 containing Φ such
that Φ is (the image under the diffeomorphism of) the wavefront pi(X) generated
at Σ by some event x ∈M .
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(Notice that we are using the same designation for skies and their projections
on R2). The question above would then be more precisely phrased by asking which
curves Φ ⊂ R2 are skies. Notice that the projection pi : N → Σ depends on
the choice of Σ. Alternatively, one can think that pi is fixed and that changing
Σ corresponds to applying a diffeomorphism to N . We will be interested only in
generic skies, i.e., those which are stable under small perturbations of Σ.
Definition 4.2. A generic wavefront is (the image of) a piecewise immersion of
S1 in R2 whose singularities are a finite even number of cusps, such that all points
have multiplicity 1 except for a finite number of points whith multiplicity 2, where
the self-intersection is transverse.
Notice that if Φ ⊂ R2 is a generic wavefront then it is always possible to define a
coorientation on Φ, i.e., a continuous unit normal vector field n : Φ → S1: This is
true locally, since the only singularities are cusps; the fact that there exist an even
number of cusps guarantees that this is also true globally. Equivalently, generic
wavefronts can be lifted to Legendrian submanifolds of N diffeomorphic to S1.
However, not all such manifolds project down to generic wavefronts, a meridian
being a prime example; we shall call the projection of a Legendrian S1 simply a
wavefront. From this point on we shall often not distinguish between a cooriented
wavefront and the corresponding Legendrian S1.
Theorem 4.3. Generic skies are generic wavefronts.
Proof. This is a consequence of the fact that skies are projections of Legendrian
submanifolds (see for instance [EN00]). 
A further restriction to the class of curves which are allowed to be skies is topo-
logical in nature: it has to do with the fact that if X ⊂ N is the sky of x ∈M then
moving Σ in M (for instance using the flow of ∇at) to a Cauchy surface through
x can be thought of as applying a Legendrian isotopy to N which moves X to a
meridian. This shows that X is in the same homology class of any meridian in N .
In terms of the wavefront pi(X), this means that its coorientation must rotate by
2pi as one traverses it in the positive direction.
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Definition 4.4. The winding number of an oriented generic wavefront Φ is the
integer i(Φ) such that the coorientation rotates by 2pii(Φ) as Φ is traversed in the
positive direction.
Thus skies must have winding number i = 1.
(  , J  ,   ) =+ µi
(  , J  ,   ) =+ µi
(  , J  ,   ) =+ µi
(  , J  ,   ) =+ µi(0,0,0)
(1,0,−4)
(1,0,0)
(1,−2,0)
(but not Legendrian isotopic to a sky)
Figure 2. Wavefronts not Legendre isotopic to skies.
The argument above actually shows that there exists a Legendrian isotopy car-
rying each sky to a meridian. This means that if a wavefront Φ ⊂ R2 is a sky
then all its Legendrian invariants must be the same as the Legendrian invariants
of a meridian. Examples of such invariants are the Maslov index µ and the Arnold
J+ invariant (see [Arn94]), whose values for a meridian are both 0. In figure 2
we show 3 examples of wavefronts which fail to have the correct values of the in-
variants (i, J+, µ). It is a consequence of a theorem by Eliashberg (see [EF98])
that in S3 with the usual contact structure all unknotted Legendrian submanifolds
diffeomorphic to S1 having the same values of (J+, µ) are Legendre isotopic; the
same however is not true in our case, a counter-example being presented in the
fourth wavefront in figure 2. This curve has the correct values of the invariants
(i, J+, µ), but we compute its Legendrian HOMFLY polynomial (see [CG97]) to be
z1
(
x2 + x2y
)
+ yz1z2, as opposed to z1 for a meridian.
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It is not sufficient that Φ ⊂ R2 is Legendre isotopic to a sky for it to be a sky.
In fact, if Φ = pi(X) then Φ must bound the plane region given by all points in
Σ which are causally related to x ∈ M . In particular, in all points of the curve
which can be reached by a continuous curve coming from infinity (which we shall
call the outer boundary) the coorientation must point in the same direction with
respect to the curve. Thus for instance the plane curve in figure 3 cannot be a
sky. However this curve is Legendre isotopic to a circle (which is a sky): it is easy
to see that any deformation of a wavefront such that the coorientation of different
branches at self-intersection points never coincides (or equivalently, such that the
coorientations of different branches have opposite directions at any self-tangency 2)
induces a Legendrian motion of the corresponding Legendrian S1.
Figure 3. Wavefront Legendre isotopic to a sky but not a sky.
The problem of deciding whether a given curve is a sky is therefore nontrivial.
Instead of dwelling on this problem, let us assume that we are given a (generic)
sky Φ = pi(X), i.e., the wavefront generated at Σ by x ∈ M . Consider a timelike
curve xt such that x0 ∈ Σ, x1 = x, and let Φt = pi(Xt) be the wavefront generated
by xt at Σ. Then Φ0 is a point and Φt constitutes a Legendrian deformation of a
point into Φ1 = Φ. The fact that it is a Legendrian deformation implies that the
only changes allowed to Φt aside from moving (eventually crossing itself) are the
creation or the destruction of a pair of cusps (see [CG97] and figure 4). The pair
of cusps is called a left twist or a right twist according to its position with respect
to the coorientation, as shown in figure 4. The reason for these names is shown in
the figure: these segments of wavefront are the projections of left or right twists of
the corresponding Legendrian knots.
2Arnold calls these tangencies safe self-tangencies, by opposition to dangerous self-tangencies,
which would correspond to self-intersections of the corresponding Legendrian S1s; see [Arn94].
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Left twist
Right twist
Figure 4. Left and right twists.
Theorem 4.5. As Φt evolves from Φ0 to Φ only left twists can be created and only
right twists can be destroyed.
Proof. Huygens’s principle implies that right twists cannot be created on the por-
tions of Φt which are part of the boundary of the causal set of xt. Because the
creation of a right twist is a local issue, we can always assume that the segment
of wavefront where it is created is actually part of such a boundary. Thus the
evolution cannot create right twists. The destruction of a left twist can be seen as
the time-reversed creation of a right twist; if it were allowed, it would be possible
to construct an evolution creating a right twist. Thus it cannot occur. 
The outer boundary of a generic sky carries a finite number of double points.
Each double point is the projection of two points in the sky, which split the sky
into two subsets, one of them projecting onto the outer boundary.
Definition 4.6. We shall call the subset of a sky arising from a double point in the
outer boundary in this way and not projecting onto the outer boundary a pendant.
A generic sky can therefore be thought of as a circle (the outer boundary) with
a finite number of pendants attached. The two basic mechanisms for forming pen-
dants are overlaps (as for instance in Schwarzschild’s (2+1)-dimensional spacetime)
and growing cusps. Whenever a cusp forms, both sides of it are causally related to
xt; whenever an overlap forms a region not in the causal future may appear inside
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Figure 5. Generic sky.
the outer boundary (as is the case in Schwarzschild’s (2+1)-dimensional spacetime).
Obviously one can use the same reasoning to divide a pendant into subpendants;
in that respect a pendant is like a tree. See figure 5 for an example.
5. Linking and causality in (2+1)-dimensional spacetimes
In this section we use the Kauffman polynomial to prove conjecture 3.1 for a
certain class of skies of causally related points, of which infinitely many yield links
with zero linking number.
Let x, y ∈ M be two events not on the same null geodesic which are causally
related. Assume that y ∈ Σ. Heuristically, X and Y must be linked because as
Φt ⊂ Σ evolves from Φ0 = {x0} to Φ1 = Φ it must hit y at least once, and thus y is
inside the outer boundary of Φ. If it is not in a pendant, then link(X,Y ) = 1; if it
is in a pendant where no left twisting has occurred, then link(X,Y ) ≥ 1; if it is in a
pendant where left twisting has occurred, and hence possibly link(X,Y ) = 0, X⊔Y
cannot be deformed to the unlink because there is no right twisting anywhere in X
to “cancel off” the left twisting.
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Unfortunately, it is not easy to turn this insight into a proof of Low’s conjecture.
However it can be used to prove Low’s conjecture for a large class of examples.
Definition 5.1. Let n11, ..., n1k1 , n21, ..., n2k2 , ..., nm1, ..., nmkm ∈ N. Let x, y ∈M .
Then (X,Y ) is said to be a pair of skies of type

n11 n21 ... nm1
... ... ... ...
n1k1 n2k2 ... nmkm


if X ⊔Y admits a link diagram as shown if figure 6 (when embedded in R3 through
the standard diffeomorphism; each integer refers to the number of double points).
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
...
.
.
.
X
Y
n
n
n
n 11
12
m1
m2
Figure 6. Sky of a given type.
It is easy to see how such skies may form, each double point of X corresponding
to two cusps in Φ. Thus for instance the pair of skies with linking number 0 we
considered in section 3 is a pair of skies of type (2).
We now prove that such skies are always linked. In order to do this we must
recall the following
Definition 5.2. The bracket polynomial 〈Λ〉 of a link diagram Λ is the polynomial
in the variables a±1 defined by the rules shown in figure 7 (see [PS91]).
LINKING, LEGENDRIAN LINKING AND CAUSALITY 17
ii.    <                >    =    −  (  a    +  a    )  <        >Λ Λ2 −2
iii.    <        >    = 1
−1i.    <                >    =    a  <                >    +    a      <                >
Figure 7. Rules defining the bracket polynomial.
Notice that the bracket polynomial does not depend on the orientations of the
link, a fact that we will use to our advantage. The bracket polynomial is not a
link invariant, but can be used to build a link invariant. In order to do so we must
introduce the following
Definition 5.3. A crossing in a link diagram is said to be positive or negative
according to whether the branch going rightward goes over or under the branch
going leftward (right and left being defined with respect to the orientations of the
branches; see figure 8).
Positive:
Negative:
Figure 8. Positive and negative crossings.
Definition 5.4. The writhe number w(Λ) of a link diagram Λ is the sum of the
signs of all crossings (where the sign of a crossing is ±1 according to whether it is
positive or negative).
Definition 5.5. The Kauffman polynomial of a link L is
K (L) = (−a)
−3w(Λ)
〈Λ〉
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where Λ is any link diagram for L.
Theorem 5.6. The Kauffman polynomial is a link invariant.
Proof. See [PS91]. 
The Kauffman polynomial is related to the Jones polynomial in one variable
through the variable change a = q−
1
4 .
To prove that skies of the type we are considering are always linked we compute
certain invariants obtained from the Kauffman polynomial. In order to do so we
shall need the following
Theorem 5.7. Let Λn, Λ0, Λ−1 be as in figure 9 (n being the number of double
points in the twisted knot). Then
〈Λn〉 = a
n 〈Λ−1〉 −
(
a4 + a−4
) n∑
i=1
(−1)−3(n−i)a−3n+4i−2 〈Λ0〉 .
Λ    =
Λ    =
Λ    =n0
−1
Figure 9. Basic link diagrams.
Proof. We prove this result by induction. For n = 1 all there is to prove is
〈Λ1〉 = a 〈Λ−1〉 −
(
a4 + a−4
)
a−1 〈Λ0〉 .
This is a simple application of the rules defining the bracket polynomial and is
done in figure 10.
As for the inductive step, our formula yields
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Λ 1
−1<        >    =    <                 >    =    a  <                >    +    a    <                  >  
−1<                 >    =    a  <                >    +    a    <                 >
and
=    a    <                >    +    <                 >    +    <                >    +    a    <                 > 2 −2
2 −2 −2
=    [  −        (        +        )    +    2    −          (        +        )  ]a    a        a               a       a   a         <                >2 2 −2
 
  =    −  (        +        )4 −4 a   a     <                 >
Figure 10. Proof of theorem 5.7 for n = 1.
〈Λn〉 = aa
n−1 〈Λ−1〉 −
(
a4 + a−4
) n∑
i=2
(−1)−3(n−i)a−3n+4i−2 〈Λ0〉
−
(
a4 + a−4
)
(−1)−3(n−1)a−3n+2 〈Λ0〉
= a

an−1 〈Λ−1〉 − (a4 + a−4) n−1∑
j=1
(−1)−3(n−1−j)a−3(n−1)+4j−2 〈Λ0〉


−a−1
(
a4 + a−4
)
(−a)−3(n−1) 〈Λ0〉
= a 〈Λn−1〉 − a
−1
(
a4 + a−4
)
(−a)−3(n−1) 〈Λ0〉
and hence all that must be proved is
〈Λn〉 = a 〈Λn−1〉 − a
−1
(
a4 + a−4
)
(−a)−3(n−1) 〈Λ0〉 .
This can be done much as the n = 1 case; we do so in figure 11. The last step
in the proof is justified in lemma 5.8. 
Lemma 5.8. Let Km be the link diagram shown in figure 12 (m being the number
of double points). Then 〈Km〉 = (−a)
−3m
〈K0〉.
Proof. Choose any orientation on Km (and hence on K0). Clearly w (Km) =
w (K0) − m. Since Km and K0 are link diagrams for the same link, they must
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n−1Λ
=   a  <         >   −   a        a    +    a        <                         >(            )4 −4−1n−1Λ
Λ n −1
(                     )  (       ) Λ−1 4 −4 0
−3(n−1)
<        >   =   <                         >   =   a  <                         >   +   a     <                         >
=   a  <         >   −   a        a    +    a       − a             <        >
Figure 11. Proof of the inductive step of theorem 5.7
have the same Kauffman polynomial, and hence
K (Km) = K (K0) ⇔ (−a)
−3w(Km) 〈Km〉 = (−a)
−3w(K0) 〈K0〉
⇔ (−a)−3w(K0)+3m 〈Km〉 = (−a)
−3w(K0) 〈K0〉
⇔ 〈Km〉 = (−a)
−3m
〈K0〉 .

K     =m
Figure 12. Definition of Km.
Notice that it is in this lemma that the left twisting comes into the proof.
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We will be only interested in the terms of higher and lower order of bracket
polynomials. It is therefore useful to keep in mind the slightly simpler (if less
accurate) formula given in theorem 5.7:
(1) 〈Λn〉 = a
n 〈Λ−1〉 ± a
n+2 〈Λ0〉 ± ...± a
−3n−2 〈Λ0〉
Definition 5.9. Let n11, ..., n1k1 , n21, ..., n2k2 , ..., nm1, ..., nmkm ∈ N. We shall de-
note by 

n11 n21 ... nm1
... ... ... ...
n1k1 n2k2 ... nmkm


the standard link diagram for the link of such type (depicted in figure 6). Also, we
shall also allow niki to assume the values 0,-1 with the meaning described in figure
9.
Theorem 5.10. Let n11, ..., n1k1 , n21, ..., n2k2 , ..., nm1, ..., nmkm ∈ N. Then
〈
n11 n21 ... nm1
... ... ... ...
n1k1 n2k2 ... nmkm


〉
= ±aN+2k+4 ± ...± a−3N−2k−4
where
N =
m∑
i=1
ki∑
j=1
nij
is the total number of double points and
k =
m∑
i=1
ki
is the total number of subpendants of the knot diagram of X.
Proof. It should be clear that (0) is a link diagram for the Hopf link and (−1) is a
link diagram for the unlink, and hence
〈(0)〉 = −
(
a4 + a−4
)
;
〈(−1)〉 = −
(
a2 + a−2
)
.
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Consequently formula 1 yields
〈(n)〉 = an 〈(−1)〉 ± an+2 〈(0)〉 ± ...± a−3n−2 〈(0)〉
= an+6 ± ...± a−3n−6.
and the theorem’s conclusion holds in this case.
Next, we notice that

 n1
0

 = (n1)⇒
〈 n1
0

〉 = an1+6 ± ...± a−3n1−6
and that lemma 5.8 yields
〈 n1
−1

〉 = (−a)−3n1 〈(0)〉
= − (−a)
−3n1
(
a4 + a−4
)
= ±a−3n1+4 ± a−3n1−4.
Consequently, one can ignore the corresponding term in formula 1,
〈 n1
n2

〉 = ±an1+n2+8 ± ...± a−3n1−3n2−8.
and again the theorem’s conclusion holds. In general, one has


n1
...
nk−1
0


=


n1
...
nk−1


and consequently
〈


n1
...
nk−1
0


〉
= ±an1+...+nk−1+2k+2 ± ...± a−3n1−...−3nk−1−2k−2.
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From lemma 5.8, on the other hand, one gets
〈


n1
...
nk−1
−1


〉
= (−a)
−3nk−1
〈
n1
...
nk−2


〉
= ±an1+...+nk−2−3nk−1+2k ± ...± a−3n1−...−3nk−1−2k
and again one can ignore the corresponding term in formula 1, thus getting
〈
n1
...
nk−1


〉
= ±an1+...+nk+2k+4 ± ...± a−3n1−...−3nk−2k−4.
This proves the theorem for m = 1. For m > 1 the proof easily follows (by using
the exact same reasoning) from the observation that

n11 ... nm1 0
... ... ...
n1k1 ... nmkm

 =


n11 ... nm1 −1
... ... ...
n1k1 ... nmkm

 =


n11 ... nm1
... ... ...
n1k1 ... nmkm


and that consequently one can go on ignoring the first term in formula 1. 
Theorem 5.11. Let n11, ..., n1k1 , n21, ..., n2k2 , ..., nm1, ..., nmkm ∈ N, and (X,Y ) be
of type 

n11 n21 ... nm1
... ... ... ...
n1k1 n2k2 ... nmkm

 .
Then
K(X ⊔ Y ) = ±a4N+2k−6l+4 ± ...± a−2k−6l−4
where
l = link(X,Y ).
Proof. We just have to compute the writhe number of the standard link diagram for
the link X ⊔ Y (depicted in figure 6). There are two kinds of crossings in this link
diagram: those involving only the knot diagram of X (N of them, all corresponding
to negative crossings) and those involving the two knot diagrams. It is a well known
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fact that the sum of the signs of the latter crossings is equal to twice the linking
number of X and Y (see [Rol90]). Consequently, the writhe number is
w = −N + 2l
and hence
K(X ⊔ Y ) = (−a)
−3w
〈
n11 n21 ... nm1
... ... ... ...
n1k1 n2k2 ... nmkm


〉
= (−a)
3N−6l (
±aN+2k+4 ± ...± a−3N−2k−4
)
= ±a4N+2k−6l+4 ± ...± a−2k−6l−4.

Corollary 5.12. Let n11, ..., n1k1 , n21, ..., n2k2 , ..., nm1, ..., nmkm ∈ N, and (X,Y )
be of type 

n11 n21 ... nm1
... ... ... ...
n1k1 n2k2 ... nmkm

 .
Then X and Y are linked.
Proof. If l 6= 0 then obviously X and Y are linked. If l = 0 then
K(X ⊔ Y ) = ±a4N+2k+4 ± ...± a−2k−4 6= −a2 − a−2
and consequently X ⊔ Y is not the unlink. 
Since both link(X,Y ) and the exponents of the terms of higher and lower order
of K (X ⊔ Y ) are clearly invariants of X ⊔ Y , one can in fact conclude that
Corollary 5.13. Let n11, ..., n1k1 , n21, ..., n2k2 , ..., nm1, ..., nmkm ∈ N, and (X,Y )
be of type 

n11 n21 ... nm1
... ... ... ...
n1k1 n2k2 ... nmkm

 .
Then
N =
m∑
i=1
ki∑
j=1
nij
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and
k =
m∑
i=1
ki
are invariants of X ⊔ Y .
Thus not only are all skies of the type we have considered linked, but also pairs
of skies with different values of N and k form non-equivalent links. See figure 13
for some examples with zero linking number.
( N = 4 )( N = 2 )
( k = 1 ) ( k = 3)
Figure 13. Pairs of skies with zero linking number forming non-
equivalent nontrivial links.
This method can be successfully employed in some generalizations of the skies we
have considered. For instance, it can handle multiple subpendants and a pendant
overlapping itself. Unfortunately, it is hard to see how it can handle generic skies.
As we said, the bracket polynomial (and hence the Kauffman polynomial when
calculated through it) is especially amenable to the kind of computations we have
to do, because it is local and orientation-independent. Using the usual definitions
of the Kauffman (or other) polynomial in terms of skein relations turns out to be
less fruitful, as one must continuously worry about related knots and orientations.
See [Low88] for such computations using the Conway polynomial.
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6. Linking and causality in (3+1)-dimensional spacetimes
As was noted by Low ([Low88]), in (3 + 1)-dimensional spacetimes it is possible
to obtain causally related events whose skies are unlinked. A simple example is
obtained by considering R4 endowed with the line element
ds2 = dt2 − Ω2
(
x1, x2, x3
) ((
dx1
)2
+
(
dx2
)2
+
(
dx3
)2)
,
where Ω : R3 → [1,+∞) is a smooth function equal to 1 except on the ball
(
x1
)2
+(
x2
)2
+
(
x3
)2
< 1, where it increases radially towards the center. The wavefront
of the event x = (0, 0, 0, 4) on the Cauchy surface t = 10 is the revolution surface
generated by the curve depicted in figure 14. Take an event y in the Cauchy surface
as shown in the figure.
pi (     )X
pi (     )Y
pi (     )X
y
t = 6
t = 10
z
z
Figure 14. Causally related events with unlinked skies.
Proposition 6.1. X ⊔ Y is the unlink.
Proof. Move the Cauchy surface towards the past; the projections pi(X), pi(Y ) even-
tually change into the surfaces of revolution generated by the curves depicted in
the lower diagram in figure 14). Recall that the intersection of, say, X , with a
S2 fiber is determined by the normal vector to pi(X) at that point. Because the
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Cauchy surface we are considering is to the future of x but to the past of y, the
relevant normal is the outward-pointing normal for pi(X) and the inward-pointing
normal for pi(Y ). Let (ρ, ϕ, z) be cylindrical coordinates in R3, and consider the
deformation of X given by
ft (ξ,n) =

ξ, n+ t ∂∂ϕ∥∥∥n+ t ∂∂ϕ∥∥∥


for ξ ∈ pi(X) and n the normal vector to pi(X) at ξ. It should be clear that one can
move X away from Y (by moving pi (f1 (X)) away from pi(Y ) along the z-axis, say)
without X ever intersecting Y , and that once one has moved X far enough both
can be deformed to skies of points on the Cauchy surface (which by definition are
unlinked). 
Notice that in the proof of proposition 6.1 ft(X) is not a Legendrian knot for all
t > 0, and hence we cannot conclude that X ⊔ Y is the Legendrian unlink.
Legendrian linking provides us with a more restrictive concept of linking which
fits nicely with the natural contact structure of the manifold of light rays. An
illustration of this restrictiveness is given by the following theorem by Lisa Traynor:
Theorem 6.2. Let (M, g) be Minkowski (2+1)-spacetime and N the corresponding
(contact) manifold of light rays. Let x, y ∈ M be causally related points not in the
same null geodesic. Then X ⊔ Y and Y ⊔X are not equivalent Legendrian links.
Proof. See [Tra97]. 
Corollary 6.3. Let (M, g) be Minkowski (2+1)-spacetime and N the corresponding
(contact) manifold of light rays. Let x, y, z ∈M with x causally related to y and not
in the same null geodesic, and not causally related to z. Then X ⊔ Y , Y ⊔X and
X ⊔Z yield the different equivalence classes of Legendrian links formed by pairs of
skies.
Proof. This is an immediate consequence of theorem 6.2 and the fact that any two
points on M not lying on the same null geodesic can be moved into x and y, y and
x or x and z in such a way that they never are on the same null geodesic. 
Note that if x, y are causally related and not on the same null geodesic and (say)
t(x) < t(y) then X ⊔ Y and Y ⊔ X are clearly equivalent smooth links: one can
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always find coordinates on M such that on N = R2 × S1 we have
X = {(R cos θ,R sin θ, θ) : 0 ≤ θ ≤ 2pi}
Y = {(R cos(θ + pi), R sin(θ + pi), θ) : 0 ≤ θ ≤ 2pi}
for some R > 0; thus we see that
Φt
(
x1, x2, θ
)
=
(
cos (pit)x1 − sin (pit)x2, sin (pit)x1 + cos (pit) x2, θ
)
is a smooth isotopy which carries X ⊔Y to Y ⊔X . Thus there are only two distinct
equivalence classes of links formed by pairs of skies in Minkowski (2+1)-spacetime.
This is related to the fact that in the (2+1)-dimensional case link(X,Y ) = link(Y,X).
It is instructive to see how the above isotopy fails to be a contact isotopy: it is
generated by the vector field
ξ = −pix2
∂
∂x1
+ pix1
∂
∂x2
which does not preserve the contact structure:
£ξ
(
cos θdx1 + sin θdx2
)
= ξ⌋
(
− sin θdθ ∧ dx1 + cos θdθ ∧ dx2
)
+ d
[
ξ⌋
(
cos θdx1 + sin θdx2
)]
=
(
−pix2 sin θ − pix1 cos θ
)
dθ + d
(
−pix2 cos θ + pix1 sin θ
)
= pi sin θdx1 − pi cos θdx2
6= λ
(
cos θdx1 + sin θdx2
)
.
Thus Legendrian linking allows us to distinguish between past and future in
Minkowski (2+1)-spacetime, whereas smooth linking does not. This hints that it
could be the concept of linking we are looking for to express causal relations in the
manifold of light rays for d = 3.
Conjecture 6.4. Let (M, g) be a globally hyperbolic (3+1)-spacetime with Cauchy
surface diffeomorphic to a subset of R3, and let N be its manifold of light rays.
Then two spacetime points are causally related in M iff their skies either intersect
or are Legendrian linked in N .
This is a natural extension of Low’s conjecture for (2+1)-dimensional spacetimes,
and appears to be true for at least some cases. However, a proof appears to require
new methods of contact topology.
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